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Fig. 1. A Unitree Go2 quadruped must jump across a 25 cm gap, land safely on the far side, and remain safe afterward. This is a strict reach–avoid–stay
(sRAS) task, where a robot must safely reach a target and remain safely within it indefinitely after first target entry. All methods use the same task policy,
which is a pure-pursuit policy that walks in the right direction. Sequences progress from left to right. Top (hardware): With our sRAS Q-control barrier
function (CBF) safety filter, the robot builds momentum, crouches for takeoff, jumps across the gap, lands safely, and remains safe. The same successful
behavior is observed in simulation. Middle (simulation): The Avoid-only safety filter does not encode reaching the far side; the robot fails to complete
the jump, leaving its hind legs on the starting side. Bottom (simulation): The reach–avoid (RA) safety filter encodes reaching the target safely but not
remaining safe afterward; the robot jumps across the gap but fails to land safely. The successful hardware execution illustrates the intended behavior of
our sRAS Q-CBF filter: modifying task actions to keep the robot in sRAS winnable states and maintain safety within the target after first target entry.

Abstract— Robots must complete their tasks and maintain the
achieved outcomes while avoiding safety failures at all times.
Strict reach–avoid–stay (sRAS) formalizes this requirement:
safely reaching a target and remaining there indefinitely after
first entry. We propose an sRAS Q-control barrier function
(CBF) safety filter for high-dimensional black-box systems
under bounded uncertainty. Our construction combines a stay
value encoding safe permanent residence in a target subset
with a reach–avoid value encoding safe reachability of this
subset while avoiding target states from which safe permanent
residence cannot be guaranteed. We prove that these values
jointly yield a valid robust discrete-time CBF and lift them
to state–action Q-functions for runtime intervention. For exact
values and under a measure-zero condition, our filter preserves
sRAS feasibility from almost every winnable initial state and
keeps the system safely within the target after first entry, against
all admissible uncertainty realizations. We adopt reachability-
based adversarial reinforcement learning for scalable value ap-
proximation using only black-box interactions. Notably, neither
synthesis nor deployment of our filter requires known dynamics,
affine structure, value derivatives, or hand-designed barriers.
We validate our framework in quadruped gap jumping in
simulation and hardware, where the robot crosses the gap, lands
safely, and remains safe afterward. Simulated F1TENTH races
further demonstrate safe overtaking and lead retention.
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The hardest game to win is a won game.

EMANUEL LASKER, WORLD CHESS CHAMPION

I. INTRODUCTION

As robots take on increasingly complex tasks in the real
world, they must operate safely under uncertainty. Safety
filters address this need by monitoring operation at runtime
and intervening when necessary by modifying proposed
controls to prevent catastrophic failures [1]. Control barrier
function (CBF)-based filters are a popular choice because
they can provide smooth safety interventions [1–3].

However, safety interventions should also preserve the
ability to complete the task and maintain the achieved
outcome. For example, a quadruped tasked with crossing a
gap should build momentum, jump, land safely, and remain
safe after touchdown, rather than stay on the starting side or
jump only to fall after touchdown (Figure 1). In car racing,
the car should overtake safely and retain the lead, rather than
remain behind an opponent or get overtaken again (Figure 2).
We formalize this requirement as strict reach–avoid–stay
(sRAS), which requires safely reaching a predefined target
and remaining there indefinitely after the first entry.

We consider high-dimensional systems under bounded
uncertainty with only black-box access to their dynamics.
Our goal is to devise a CBF-based safety filter for such
systems that preserves sRAS feasibility, i.e., keeps the system
in states from which the specification remains achievable.
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Existing work extends CBFs to encode similar temporal
specifications through time-varying CBFs [4–6] and con-
trol Lyapunov–barrier methods [7, 8], but these approaches
rely on known control-affine dynamics, preventing their
direct application to black-box systems. On the other hand,
reachability-based reinforcement learning (RL) enables scal-
able value learning for complex temporal specifications
through black-box interaction [9–14]. In parallel, exact
reachability values are valid CBFs in a generalized sense,
with runtime filtering requiring known dynamics and value
derivatives [15–17], while learned values have been used as
discrete-time control barrier functions (DCBFs) for avoid-
only tasks on black-box systems [2, 3]. We review these
approaches and compare them with our work in Section II.

Building upon these works, we propose the sRAS Q-CBF
safety filter. Our main contributions are as follows:
sRAS Q-CBF theory. We propose the sRAS Q-CBF safety
filter for high-dimensional black-box systems under bounded
uncertainty. We prove that the stay value, encoding safe
permanent residence in a target subset, and the reach–avoid
value, encoding reachability of this subset while avoiding
failure states and target states from which safe permanent
residence cannot be guaranteed, jointly yield a valid robust
DCBF. For exact values and under a measure-zero condition,
our filter 1) is recursively feasible, 2) preserves sRAS feasi-
bility from almost every winnable initial state, and 3) keeps
the system safely within the target indefinitely after first entry
against all admissible uncertainty realizations.
Scalable black-box synthesis and deployment. We adopt
reachability-based adversarial RL for scalable synthesis of
stay and reach–avoid values and their state–action lifts us-
ing only black-box interactions. The lifted values, together
with the learned worst-case response disturbance policies,
enable direct evaluation of Q-CBF constraints for candidate
controls. Thus, neither synthesis nor deployment requires
known dynamics, control- or disturbance-affine structure,
value derivatives, or hand-designed barrier candidates.
Robotic evaluation. We evaluate our sRAS Q-CBF safety
filter on two robotic tasks: 1) quadruped gap jumping in
simulation and hardware, where the robot crosses the gap,
lands safely, and remains safe afterward, and 2) simulated
F1TENTH endurance racing, where the ego vehicle overtakes
opponents safely and retains the lead.

II. RELATED WORK

CBFs for temporal specifications. Prior work extends CBFs
beyond failure avoidance to encode temporal specifications.
Time-varying CBFs are often adopted to capture the se-
mantics of signal temporal logic (STL) tasks [4]. Das et
al. [5, 6] synthesize spatiotemporal tubes for STL tasks, in-
cluding prescribed-time reach–avoid–stay (RAS), and derive
corresponding time-varying CBFs. Control Lyapunov–barrier
methods that induce safe stabilization enable the synthesis
of RAS controllers [7] and conservative approximations of
local winning sets for decomposed temporal logic tasks [8].
These approaches require known control-affine dynamics
for controller synthesis and deployment. By contrast, our

sRAS Q-CBF framework enables end-to-end synthesis and
deployment on high-dimensional black-box systems while
preserving the ability to satisfy the sRAS specification from
almost every state in its maximal robust winning set under
a measure-zero assumption.

Reachability analysis for temporal specifications. Decom-
posing complex temporal logic specifications into reach-
ability subproblems has been adopted for devising least-
restrictive feasible controller sets for STL [18] and construct-
ing temporal logic trees for online control synthesis [19]. Re-
cent advances in reachability-based RL enable scalable solu-
tions to these subproblems. Time-discounted Bellman equa-
tions enable neural approximation of reachability values via
RL [9, 20], and extensions to uncertain dynamics yield a pre-
dictive safety filter based on rollouts under disturbance [10].
These methods support learning optimal policies [12, 13] and
constructing least-restrictive safety filters [14] for complex
temporal logic tasks decomposed into graphs of reachability
subproblems. RAS has also been decomposed into avoid
and reach–avoid subproblems, with corresponding policies
learned via RL [11]. Our work similarly decomposes the
sRAS specification into two reachability subproblems and
uses reachability-based RL to learn their values through
black-box interactions. However, we differ from this line of
work in that we devise a CBF safety filter that preserves
sRAS feasibility under bounded uncertainty.

Reachability-derived CBFs. In continuous-time systems,
the infinite-horizon avoid value is known to be a valid CBF
when continuously differentiable [1]. Robust control barrier–
value functions (CB-VFs), constructed as viscosity solutions
of a modified Hamilton–Jacobi–Isaacs variational inequality,
enable CBF-like filtering [15], while viscosity CBFs that sat-
isfy the CBF condition in the viscosity sense are equivalent to
time-invariant CB-VFs if nonnegative [16]. A finite-horizon
reach–avoid value is also shown to be a valid time-varying
viscosity-based CBF [17]. Although reachability values can
recover maximal winning sets, runtime evaluation of the
corresponding CBF constraints requires known dynamics
and derivatives of the value or a viscosity test function.
In discrete time, avoid values yield valid DCBFs, with the
lifted value function enabling scalable black-box synthesis
and deployment [2, 3]. However, these avoid-only values
do not by themselves encode task-completion feasibility for
temporal specifications. Our sRAS Q-CBF enables black-box
synthesis and deployment without known dynamics, control-
or disturbance-affine structure, or value derivatives while
preserving the ability to satisfy the sRAS specification.

III. PRELIMINARIES AND PROBLEM FORMULATION

A. Strict Reach–Avoid–Stay under Bounded Uncertainty

We consider a nonlinear discrete-time system

xt+1 = f(xt, ut, dt), (1)

where xt ∈ X ⊆ Rn is the state, ut ∈ U is the control
input, and dt ∈ D is an unknown but bounded disturbance



input representing predictive uncertainty. We adopt a black-
box viewpoint in which the transition mechanism in (1) can
be queried for the next state given the current state, control,
and disturbance, but need not be available in closed form or
possess control- or disturbance-affine structure.

We consider sRAS tasks, with a failure set F ⊂ X
containing unacceptable states that must be avoided at all
times, and a target set T ⊂ X containing states that the
system should reach and remain within after its first entry.
Throughout, robust satisfaction requires a single control
policy πu : X → U to satisfy the specification against every
disturbance policy πd : X → D.

Definition 1 (Maximal Robust sRAS Set). The maximal
robust sRAS set is

Ω∗
sRAS :=

⎧⎪⎨⎪⎩x ∈ X

⃓⃓⃓⃓
⃓⃓⃓ ∃πu, ∀πd, ∃τ ≥ 0 s.t.
xπ

u,πd

x (t) /∈ F , ∀t ≥ 0,
xπ

u,πd

x (t) /∈ T , ∀t < τ,
xπ

u,πd

x (t) ∈ T , ∀t ≥ τ

⎫⎪⎬⎪⎭ . (2)

Throughout, xπ
u,πd

x : Z≥0 → X denotes the state trajectory
initialized at xπ

u,πd

x (0) = x and evolved according to πu :
X → U , πd : X → D, and the dynamics (1).

Conventional RAS omits the condition xπ
u,πd

x (t) /∈ T ,
∀t < τ , in (2), allowing repeated target entry and exit before
eventually remaining there permanently. This is undesirable
for robotic tasks that require irreversible task completion—in
car racing, the ego vehicle should not fall behind again after
an overtake—making sRAS a more suitable specification.
Any sRAS-feasible state x ∈ X is also RAS-feasible.

B. Robust Discrete-Time Control Barrier Function

A robust DCBF renders its 0-superlevel set robustly con-
trolled invariant by requiring a control input whose worst-
case next-step barrier value is lower-bounded by a class-K
mapping of its current value. We adopt the definition in [3].

Definition 2 (Robust Discrete-Time CBF). A function h :
X → R is a robust DCBF for system (1) if Ωh := {x ∈ X |
h(x) ≥ 0} satisfies Ωh ∩F = ∅, and there exists a class-K
function β, defined on a domain containing h(Ωh), such that

sup
u∈U

inf
d∈D

h
(︁
f(x, u, d)

)︁
≥ β

(︁
h(x)

)︁
, ∀x ∈ Ωh. (3)

Ωh may in general be a strict subset of the maximal
robust safe set from which failure can be avoided indefinitely
against every admissible disturbance policy [3].

IV. DECOMPOSING THE SRAS GAME

We introduce a two-stage reachability-based value synthe-
sis pipeline for robust sRAS. Stage I computes the maximal
robust terminal safe set, the largest robust controlled invariant
subset of T \ F . Stage II computes the maximal robust
reach–avoid set from which this terminal safe set can be
reached while avoiding F and interior target states outside
the terminal safe set. For each stage, we lift the correspond-
ing value into the state–control–disturbance space through
Q-functions [21], which enables CBF constraint evaluation

for black-box systems. Finally, we prove almost-everywhere
recovery of the maximal robust sRAS set via our two-stage
synthesis pipeline under an assumption. Throughout, we
assume that all displayed maxima and minima are attained.

We choose continuous safety and target margins g, ℓ :
X → R satisfying

F = {x ∈ X | g(x) < 0}, T = {x ∈ X | ℓ(x) ≥ 0}, (4)

with int(T ) = {ℓ > 0} and ∂T = {ℓ = 0}.

A. Stage I: Stay Value

We define the stay-mode failure set as

FS := F ∪ T c. (5)

Definition 3 (Maximal Robust Terminal Safe Set). The
maximal robust terminal safe set is

Ω∗
S :=

{︂
x ∈ X

⃓⃓⃓
∃πu, ∀πd, ∀t ≥ 0, xπ

u,πd

x (t) /∈ FS

}︂
. (6)

To transform this binary safety outcome into a “game of
degree”, we choose the stay-mode safety margin

gS(x) := min {g(x), ℓ(x)} , (7)

which satisfies FS = {gS < 0}.
The stay value VS is then defined as the maximal gS

that can be maintained against the worst-case admissible
disturbance policy over the infinite horizon,

VS(x) := max
πu

min
πd

inf
t≥0

gS

(︂
xπ

u,πd

x (t)
)︂
, (8)

and VS satisfies the avoid-only Isaacs equation

VS(x) = min

{︃
gS(x),max

u∈U
min
d∈D

VS
(︁
f(x, u, d)

)︁}︃
. (9)

Ω∗
S in (6) is recovered as the 0-superlevel set of VS:

Ω∗
S = {x ∈ X | VS(x) ≥ 0} . (10)

To directly evaluate candidate control inputs under distur-
bance realizations, we define the lifted stay value

QS(x, u, d) := min
{︁
gS(x), VS

(︁
f(x, u, d)

)︁}︁
. (11)

For fixed x, the map z ↦→ min{gS(x), z} is monotone
nondecreasing, so it preserves the attained inner minimum
and outer maximum, yielding

VS(x) = max
u∈U

min
d∈D

QS(x, u, d). (12)

The corresponding stay fallback policy is

πè

S (x) ∈ argmax
u∈U

min
d∈D

QS(x, u, d). (13)



B. Stage II: Reach–Avoid Value
We define the reach-mode target and failure sets as

TR := Ω∗
S, FR := F ∪

(︁
int(T ) \ TR

)︁
, (14)

so that the reach mode terminates only upon entry into Ω∗
S.

FR does not include safe nonviable states on ∂T , since F ∪(︁
T \TR

)︁
cannot in general be represented exactly as a strict

sublevel set of a continuous safety margin. We quantify the
resulting discrepancy in Subsection IV-C.

Definition 4 (Maximal Robust Reach–Avoid Set). The max-
imal robust reach–avoid set is

Ω∗
RA :=

⎧⎨⎩x ∈ X

⃓⃓⃓⃓
⃓⃓ ∃πu, ∀πd, ∃τ ≥ 0 s.t.
xπ

u,πd

x (τ) ∈ TR,
xπ

u,πd

x (t) /∈ FR, ∀0 ≤ t ≤ τ

⎫⎬⎭ . (15)

Since TR = Ω∗
S ⊆ T \F and Ω∗

S∩FR = ∅, every x ∈ Ω∗
S

satisfies Definition 4 with τ = 0. Therefore,

Ω∗
S ⊆ Ω∗

RA. (16)

We choose the reach-mode target margin ℓR and reach-
mode safety margin gR as

ℓR(x) := VS(x), (17a)
gR(x) := min {g(x),max {−ℓ(x), ℓR(x)}} . (17b)

The target margin recovers the reach-mode target set,

TR = {x ∈ X | ℓR(x) ≥ 0} , (18)

while the safety margin recovers the reach-mode failure set,

{gR < 0} = {g < 0} ∪
(︁
{ℓ > 0} ∩ {ℓR < 0}

)︁
= F ∪

(︁
int(T ) \ TR

)︁
= FR.

(19)

The reach–avoid value VR is defined by jointly consider-
ing the ℓR at arrival and gR maintained up to arrival under
the worst-case admissible disturbance policy:

VR(x) := max
πu

min
πd

max
τ≥0

min
{︂
ℓR

(︂
xπ

u,πd

x (τ)
)︂
,

min
0≤t≤τ

gR

(︂
xπ

u,πd

x (t)
)︂}︂
,

(20)

and VR satisfies the reach–avoid Isaacs equation

VR(x) = min

{︃
gR(x),max

{︃
ℓR(x),max

u∈U
min
d∈D

VR

(︁
f(x, u, d)

)︁}︃}︃
.

(21)
Ω∗

RA in (15) is recovered as the 0-superlevel set of VR:

Ω∗
RA = {x ∈ X | VR(x) ≥ 0} . (22)

To directly evaluate candidate control inputs under distur-
bance realizations, we define the lifted reach–avoid value

QR(x, u, d) := min
{︁
gR(x),max

{︁
ℓR(x), VR

(︁
f(x, u, d)

)︁}︁}︁
.

(23)
For fixed x, the map z ↦→ min{gR(x),max{ℓR(x), z}} is
monotone nondecreasing, and therefore

VR(x) = max
u∈U

min
d∈D

QR(x, u, d). (24)

The corresponding reach–avoid fallback policy is

πè

R(x) ∈ argmax
u∈U

min
d∈D

QR(x, u, d). (25)

C. Maximal Robust sRAS Set Characterization

To characterize the difference between Ω∗
RA and Ω∗

sRAS

caused by the target-boundary discrepancy, we isolate the
relevant portion of the 0-level set of VR as

ZR := {x ∈ Ω∗
RA \ Ω∗

S | VR(x) = 0}. (26)

Proposition 1 (sRAS Set Characterization).

Ω∗
RA \ ZR ⊆ Ω∗

sRAS ⊆ Ω∗
RA. (27)

Proof. We first show Ω∗
RA\ZR ⊆ Ω∗

sRAS. Fix x ∈ Ω∗
RA\ZR.

If x ∈ Ω∗
S, then (10)–(13) imply that πè

S robustly renders
Ω∗

S ⊆ T \ F invariant, so Definition 1 holds with τ = 0.
Otherwise if x ∈ Ω∗

RA\(Ω∗
S∪ZR), VR(x) > 0 by (22) and

(26), so (20) gives a policy πuR such that, for every πd, the
trajectory xt := x

πu
R,π

d

x (t) admits τ̄ ≥ 0 with ℓR(xτ̄ ) > 0
and gR(xt) > 0, ∀t ≤ τ̄ . Let τ ≤ τ̄ be the first entry
time into Ω∗

S, which exists since xτ̄ ∈ Ω∗
S. For all t < τ ,

ℓR(xt) < 0, so (17b) gives g(xt) > 0 and ℓ(xt) < 0, hence
xt /∈ F ∪ T . The policy applying πuR outside Ω∗

S and πè

S

inside Ω∗
S follows xt through τ and remains in Ω∗

S thereafter,
satisfying Definition 1 with τ , thus proving x ∈ Ω∗

sRAS.
To show Ω∗

sRAS ⊆ Ω∗
RA, fix x ∈ Ω∗

sRAS and a policy
πu satisfying Definition 1. For any πd, let xt := xπ

u,πd

x (t)
and let τ be its first entry time into T . To prove xτ ∈ Ω∗

S,
take any π̃d and define π̂d to equal πd on T c and π̃d on
T . Since xt /∈ T , ∀t < τ , x̂t := xπ

u,π̂d

x (t) = xt, ∀t ≤ τ
and x̂t ∈ T \ F , ∀t ≥ τ by Definition 1. Now let x̃t̃ :=

xπ
u,π̃d

xτ
(t̃). Since x̂t ∈ T , ∀t ≥ τ and π̂d = π̃d on T , we

have x̃t̃ = x̂τ+t̃ ∈ T \ F , ∀t̃ ≥ 0. Since π̃d was arbitrary,
Definition 3 gives xτ ∈ Ω∗

S = TR. For all t < τ , xt /∈ F ∪T
and int(T ) \ TR ⊆ T , so xt /∈ FR by (14). At t = τ ,
xτ ∈ TR and xτ /∈ FR by (14). Thus the same πu and τ
satisfy Definition 4, proving x ∈ Ω∗

RA.

In practice, 0-level sets of reachability values often appear
as boundary-like lower-dimensional sets, both in numerical
solutions and learned approximations [3, 9, 20]. This moti-
vates our assumption that ZR has Lebesgue measure zero.

Corollary 1 (Almost-Everywhere sRAS Characterization).
If ZR has Lebesgue measure zero, then Ω∗

RA and Ω∗
sRAS

coincide almost everywhere.

V. ROBUST SWITCHED SRAS Q-CBF

In this section, we show that VR and VS jointly form a
valid robust DCBF for the state-dependent switched system
that represents the transition from the reach mode to the stay
mode. The resulting sRAS Q-CBF safety filter, under every
admissible disturbance realization, is recursively feasible and
preserves membership in Ω∗

sRAS for almost every initial state
in Ω∗

sRAS under a measure-zero condition. Moreover, if the
filtered trajectory enters Ω∗

S in finite time, it remains there
thereafter and satisfies the sRAS specification in Definition 1.



A. State-Dependent Switched-System Formulation

We formalize the reach-to-stay transition using a state-
dependent switched discrete-time control system [22].

Definition 5 (State-Dependent Switched Discrete-Time Con-
trol System). A state-dependent switched discrete-time con-
trol system consists of a finite mode set M, subsystem
dynamics {fm}m∈M with fm : X × U × D → X , and a
switching law σ : X → M. The active mode at time t is
σt := σ(xt), and the state evolves as

xt+1 = fσt
(xt, ut, dt). (28)

For each m ∈ M, the operating region is Xm := {x ∈ X |
σ(x) = m}. A switch occurs when σt+1 ̸= σt.

Definition 6 (Robust Switched DCBF). For the switched
system in Definition 5, let Fm ⊆ X and hm : X → R denote
the failure set and barrier function of each m ∈ M, with
Ωhm

:= {x ∈ Xm | hm(x) ≥ 0}. The family {hm}m∈M is
a valid robust switched DCBF if, for every m ∈ M, there
exists a class-K function βm, defined on a domain containing
hm(Ωhm), such that the following conditions hold.
(i) Mode-wise safety: Ωhm

∩ Fm = ∅.
(ii) Switched barrier condition: For every x ∈ Ωhm

, there
exists u ∈ U such that, for every d ∈ D, letting x′ :=
fm(x, u, d) and m′ := σ(x′),

hm′(x′) ≥

{︄
βm

(︁
hm(x)

)︁
, m′ = m,

0, m′ ̸= m.
(29)

Condition (ii) requires one control to satisfy the conven-
tional robust DCBF condition in Definition 2 for same-mode
successors and place switched successors in the destination
certificate’s 0-superlevel set, for every disturbance. The latter
is analogous to the jump condition of hybrid CBFs [23].

B. Robust Switched sRAS Q-CBF

We represent the sRAS problem with a transition from
reach to stay mode as a state-dependent switched system.

Definition 7 (sRAS Switched System). Let M := {R, S}
and fR = fS := f , and associate the reach and stay
modes with failure sets FR and FS, respectively. The state-
dependent switching law is

σ(x) :=

{︄
R (reach mode), x /∈ Ω∗

S,

S (stay mode), x ∈ Ω∗
S.

(30)

We establish feasibility of the mode-dependent Q-CBF
constraints and their equivalence to robust DCBF constraints.

Lemma 1 (Feasibility of Q-CBF Constraints). Let βR and
βS be class-K functions satisfying βR(ρ) ≤ ρ and βS(ρ) ≤ ρ
for all ρ ≥ 0. For every x ∈ Ω∗

RA \ Ω∗
S, there exists u ∈ U

such that
min
d∈D

QR(x, u, d) ≥ βR
(︁
VR(x)

)︁
. (31)

For every x ∈ Ω∗
S, there exists u ∈ U such that

min
d∈D

QS(x, u, d) ≥ βS
(︁
VS(x)

)︁
. (32)

Proof. For x ∈ Ω∗
RA \ Ω∗

S, choose u = πè

R(x). By (24) and
(25), mindQR(x, π

è

R(x), d) = VR(x) ≥ βR(VR(x)), where
the inequality follows from VR(x) ≥ 0 and βR(ρ) ≤ ρ. The
stay constraint follows identically from (12)–(13).

Lemma 2 (Equivalence of Q-CBF Constraints). Let βR and
βS be class-K functions satisfying βR(ρ) ≤ ρ and βS(ρ) ≤ ρ
for all ρ ≥ 0. For every x ∈ Ω∗

RA \ Ω∗
S and u ∈ U , (31) is

equivalent to

min
d∈D

VR
(︁
f(x, u, d)

)︁
≥ βR

(︁
VR(x)

)︁
. (33)

For every x ∈ Ω∗
S and u ∈ U , (32) is equivalent to

min
d∈D

VS
(︁
f(x, u, d)

)︁
≥ βS

(︁
VS(x)

)︁
. (34)

Proof. Fix x ∈ Ω∗
RA \Ω∗

S, u ∈ U , and let cR := βR(VR(x)).
Equations (22), (18), (21), and βR(ρ) ≤ ρ give gR(x) ≥
VR(x) ≥ cR ≥ 0 > ℓR(x). Thus, for every d ∈ D, (23)
gives QR(x, u, d) ≥ cR if and only if VR(f(x, u, d)) ≥ cR.

For x ∈ Ω∗
S, the stay-mode equivalence follows analo-

gously from (10), (9), βS(ρ) ≤ ρ, and (11).

These results allow us to show that VR and VS jointly form
a robust switched DCBF for the sRAS switched system.

Theorem 1 (sRAS Q-CBF). Let βR and βS be class-K
functions satisfying βR(ρ) ≤ ρ and βS(ρ) ≤ ρ for all ρ ≥ 0.
For the sRAS switched system in Definition 7, let hR := VR
and hS := VS. Then the family {hR, hS} is a valid robust
switched DCBF in the sense of Definition 6.

Proof. We verify the two conditions in Definition 6.
(i) Mode-wise safety. By (30), (22), and (10), ΩhR

= Ω∗
RA \

Ω∗
S and ΩhS

= Ω∗
S. By Definition 4 and Definition 3, Ω∗

RA∩
FR = ∅ and Ω∗

S ∩ FS = ∅, establishing mode-wise safety.
(ii) Switched barrier condition. For x ∈ Ω∗

RA \ Ω∗
S,

Lemma 1 provides a control satisfying (31), and Lemma 2
ensures, for every d ∈ D, VR(x′) ≥ βR(VR(x)) ≥ 0,
where x′ := f(x, u, d). If x′ /∈ Ω∗

S, this is the same-mode
condition of (29); if x′ ∈ Ω∗

S, (10) gives VS(x
′) ≥ 0,

satisfying the switched condition of (29). For x ∈ Ω∗
S, the

two lemmas provide a control satisfying (32) and ensure
VS(x

′) ≥ βS(VS(x)) ≥ 0 for every d ∈ D. Thus x′ ∈ Ω∗
S by

(10) and the same-mode condition of (29) is satisfied.

C. Robust Switched sRAS Q-CBF Safety Filter

Building on Theorem 1, we now propose the sRAS Q-
CBF safety filter for black-box systems under uncertainty.

Definition 8 (sRAS Q-CBF Safety Filter). Let βR and βS
be class-K functions satisfying βR(ρ) ≤ ρ and βS(ρ) ≤ ρ
for all ρ ≥ 0, and let πtask : X → U be any task policy. For
each x ∈ Ω∗

RA, the sRAS Q-CBF safety filter solves

ϕ(x, πtask(x)) ∈ argmin
u∈U

⃦⃦
u− πtask(x)

⃦⃦2
2

(35a)

s.t. min
d∈D

QR(x, u, d) ≥ βR(VR(x)), x ∈ Ω∗
RA \ Ω∗

S (35b)

min
d∈D

QS(x, u, d) ≥ βS(VS(x)), x ∈ Ω∗
S. (35c)



Crucially, given VR, VS and their lifted forms QR, QS,
(35b)–(35c) can be evaluated for black-box systems without
known dynamics, control-affinity, or value gradients.

Finally, we show that the filter is recursively feasible and
preserves the ability to satisfy the sRAS specification.

Theorem 2 (sRAS Feasibility Preservation). For any task
policy πtask : X → U , let πuF(x) := ϕ(x, πtask(x)) denote the
filtered policy from Definition 8. For every initial state x0 ∈
Ω∗

RA \ZR ⊆ Ω∗
sRAS and every disturbance policy πd : X →

D, the sRAS Q-CBF safety filter is recursively feasible and
satisfies xπ

u
F,π

d

x0 (t) ∈ Ω∗
RA\ZR ⊆ Ω∗

sRAS, ∀t ≥ 0. Moreover,
if xπ

u
F,π

d

x0 enters Ω∗
S at τ ≥ 0, then x

πu
F,π

d

x0 (t) ∈ Ω∗
S, ∀t ≥ τ ,

and x
πu
F,π

d

x0 satisfies the sRAS conditions in Definition 1.

Proof. By Proposition 1, Ω∗
RA \ ZR ⊆ Ω∗

sRAS. Fix arbitrary
x0 ∈ Ω∗

RA \ ZR, πtask, and πd, and let xt := x
πu
F,π

d

x0 (t).
If xt ∈ Ω∗

S ⊆ Ω∗
RA \ ZR, Lemma 1 gives feasibility of

(35c), and Lemma 2 gives VS(xt+1) ≥ βS(VS(xt)) ≥ 0.
Thus xt+1 ∈ Ω∗

S by (10), and by induction xt̄ ∈ Ω∗
S, ∀t̄ ≥ t.

If xt ∈ Ω∗
RA \ (Ω∗

S ∪ ZR), Lemma 1 gives feasibility of
(35b), (22) and (26) give VR(xt) > 0, and Lemma 2 gives
VR(xt+1) ≥ βR(VR(xt)) > 0. Hence xt+1 ∈ Ω∗

RA \ ZR by
(22) and (26). Together with xt ∈ Ω∗

S case, induction yields
recursive feasibility and xt ∈ Ω∗

RA \ ZR ⊆ Ω∗
sRAS, ∀t ≥ 0.

Finally, whenever xt ∈ Ω∗
RA \ (Ω∗

S ∪ ZR), (22) and (26)
give VR(xt) > 0, so (21) gives gR(xt) > 0. Since (18)
gives ℓR(xt) < 0, (17b) implies g(xt) > 0 and ℓ(xt) < 0.
Therefore, if xt reaches Ω∗

S, it satisfies Definition 1.

Corollary 2 (Almost-Everywhere Maximality). If ZR has
Lebesgue measure zero, then, by Proposition 1 and Corol-
lary 1, the guarantees of Theorem 2 apply to almost every
initial state in Ω∗

sRAS and any task policy against every
admissible disturbance policy.

Corollary 3 (Conservative sRAS Feasibility Preservation).
Without the measure-zero condition, the filter still preserves
sRAS feasibility on Ω∗

RA \ ZR ⊆ Ω∗
sRAS, although this

certified domain may be conservative relative to Ω∗
sRAS.

VI. SYNTHESIS AND DEPLOYMENT OF SRAS Q-CBF
The sRAS Q-CBF filter in Definition 8 requires 1) access

to VR, VS and their lifted forms QR, QS, and 2) solving
an inner minimization over disturbances. We address both
requirements via game-theoretic RL [3, 10, 24]: we sequen-
tially learn the values and the corresponding fallbacks, and
then train the best-response disturbances for runtime filtering.

A. Sequential Value Synthesis
For each mode m ∈ {S,R}, we jointly train a neural

critic Qωm
, a best-effort fallback πuθm(· | x), and an ad-

versarial disturbance πdψm
(· | x, u). The disturbance retains

an instantaneous informational advantage by observing and
reacting to the control, following the maxumind game
structure. Writing the actors’ deployment outputs as πuθm(x)
and πdψm

(x, u), these networks provide the value estimate

ˆ︁Vm(x) := Qωm

(︂
x, πuθm(x), πdψm

(︁
x, πuθm(x)

)︁)︂
. (36)

The learned fallback approximates (13) or (25), while the
disturbance approximates a locally worst-case response to it.

Using transitions (x, u, d, x′) collected through black-box
queries of (1) and sampled from a replay buffer Bm, we train
the critic against the discounted Isaacs target [3, 10, 24]:

LQm(ωm,θm, ψm) := E
[︂
(Qωm(x, u, d)− ym)

2
]︂
, (37a)

yS := (1− γ)gS(x) + γmin{gS(x), q′S}, (37b)

yR := (1− γ)min{ℓ̂R(x), ĝR(x)}
+ γmin{ĝR(x),max{ℓ̂R(x), q′R}}, (37c)

where γ ∈ (0, 1) is the discount factor and q′m :=
Qω′

m
(x′, u′, d′) is the output of a slowly updated target critic,

with u′ ∼ πuθm(· | x′) and d′ ∼ πdψm
(· | x′, u′). We first train

for the stay mode, then freeze ˆ︁VS and train for the reach
mode using ℓ̂R := ˆ︁VS and ĝR := min{g,max{−ℓ, ℓ̂R}}.

For each mode, we train the fallback to maximize the critic
and the disturbance to minimize it, with entropy regulariza-
tion encouraging exploration for both actors. All updates use
sampled transitions and neural network gradients, without
differentiating through the dynamics. In doing so, we adopt
gradient descent-ascent (GDA) with finite timescale separa-
tion: ψm is updated on a faster timescale than θm, allowing
πdψm

to track a locally best-effort worst-case response to the
slowly evolving fallback πuθm . The underlying game-theoretic
RL framework guarantees local convergence to a minimax
equilibrium in the policy space [24].

B. Universal Worst-Case Response Disturbance Policy

While πdψm
approximates a locally worst-case response to

πuθm , it need not do so for the filtered policy from Defini-
tion 8. For each mode, we therefore freeze ωm and further
train a copy of πdψm

to minimize the critic Qωm
over state–

control pairs sampled using a family of diverse control poli-
cies. The resulting universal best-effort worst-case response
disturbance policy, denoted by πd

ψ̃m
(· | x, u), is trained to

approximate the pointwise minimizer of Qωm(x, u, ·) across
states and candidate controls, providing a learned surrogate
for the inner disturbance minimization. Using the deployment
output of πd

ψ̃m
, we replace the constraint in Definition 8 with

Qωm

(︁
x, u, πd

ψ̃m
(x, u)

)︁
≥ βm

(︁ˆ︁Vm(x)
)︁
. (38)

Evaluating (38) requires only neural network evaluations,
enabling runtime filtering on black-box systems without
nested disturbance optimization, known dynamics, control-
or disturbance-affine structure, or value derivatives.

Remark 1 (Post-hoc Verification). Guarantees in Section V
do not automatically extend to learned values and policies.
Offline conformal prediction offers probabilistic guarantees
for learned reachable sets [25] and safety filters [26].

VII. EXPERIMENTAL RESULTS

In this section, we evaluate the proposed sRAS filter on
two robotic tasks: quadruped gap jumping in simulation and
hardware, and simulated F1TENTH endurance racing.



Fig. 2. Representative F1TENTH races, with ego trajectories colored by speed. Our sRAS filter (left) maintains safety while enabling successful overtakes
and lead retention, whereas RA (middle) can lose the lead after initially getting ahead and Avoid-only (right) remains blocked behind a slower opponent.

Method Safe Rate [%] ↑ Overtakes/Race ↑ 2-Lap Time [s] ↓
Avoid-only 98.2 [97.2, 98.9] 1.00± 0.03 111.40± 3.32
RA 56.8 [53.7, 59.8] 3.59± 0.90 116.43± 8.74

sRAS 98.0 [96.9, 98.7]‡ 9.63± 0.99†‡ 97.37± 2.87†‡

TABLE I: F1TENTH results from 1000 simulated races per filter.
Our sRAS filter achieves a 98.0% safe rate with significantly more
overtakes per race and shorter 2-lap times than both baselines. Safe
rates include 95% Wilson confidence intervals; other metrics show
mean ± standard deviation. For sRAS, † and ‡ indicate significant
differences (p < 0.01) from Avoid-only and RA, respectively.

Method Safe Rate [%] ↑ Cross Rate [%] ↑ Success Rate [%] ↑
Avoid-only 85.6 [83.3, 87.6] 0.8 [0.4, 1.6] 0.7 [0.3, 1.4]
RA 63.4 [60.4, 66.3] 87.4 [85.2, 89.3] 63.3 [60.3, 66.2]

sRAS 86.9 [84.7, 88.9]‡ 89.7 [87.7, 91.4]† 86.9 [84.7, 88.9]†‡

TABLE II: Go2 gap-jumping results from 1000 simulated episodes
per filter. Our sRAS filter achieves an 86.9% success rate (percent-
age of episodes with safe crossing, safe landing, and continued
safety), significantly higher than both baselines. All metrics show
95% Wilson confidence intervals. For sRAS, † and ‡ denote signifi-
cant differences (p < 0.01) from Avoid-only and RA, respectively.

Baselines. We compare against Avoid-only and reach–avoid
(RA) baselines. The Avoid-only filter uses an avoid-only
value trained with safety margin g, whereas the RA filter
uses a reach–avoid value trained with safety margin g and
target margin ℓ. Both baseline filters apply robust Q-CBF
interventions [3]. These comparisons assess the benefits of
encoding target reaching and safe retention after first entry.

A. F1TENTH Endurance Race

We first evaluate our sRAS filter in a high-fidelity
F1TENTH simulator without disturbances (singleton D),
built in MuJoCo [27] based on F1TENTH Gym [28]. The ego
must race for two laps, safely overtake as many opponents as
possible, and minimize completion time. An overtake counts
as successful only after the ego gets ahead and retains the
lead for 5 s, after which the opponent is replaced by a new
one spawned at a random location ahead of the ego.
Setup. The safety margin g(x) := min{gwall(x), goppo(x)}
is the minimum of the ego’s signed clearance margins to
the track boundary and opponent. The target margin ℓ(x) :=
CPego − CPopp − 0.58m is the difference in unwrapped
centerline progress in meters, with a one-vehicle-length lead
buffer. We use a fixed model predictive path integral (MPPI)
policy [29] as the task policy for both ego and opponent,
with an additional filter applied to the ego. The common 90-
dimensional base observation includes normalized LiDAR
measurements, ego velocity and yaw rate, previous controls,
and ego-centric opponent features. The sRAS filter addition-
ally observes the normalized target margin in both modes
and the frozen stay value in reach mode. The control inputs

are commanded steering angle and speed.
Evaluation and Metrics. We evaluate all filters on the same
1000 random seeds. After a collision, the ego is held at
the impact position for 3 s before respawning at the nearest
track centerline point. We report safe rate (percentage of
races completing two laps without collision), mean successful
overtakes per race, and mean two-lap completion time.
Results. Table I reports the results, with significance assessed
using exact McNemar tests for safe rate and paired t-tests
for other metrics (Holm-adjusted p < 0.01). The sRAS
filter achieves a high safe rate similar to Avoid-only and
significantly higher than RA. It also achieves significantly
more successful overtakes and significantly shorter two-lap
completion times than both baselines. As Figure 2 illustrates,
sRAS repeatedly passes opponents and retains the lead,
whereas Avoid-only does not encode passing and remains
blocked behind a slower opponent. RA does not require safe
lead retention, so it can collide after briefly getting ahead or
lose the lead and enter battles that slow down both vehicles.

B. Quadruped Gap Jumping

We next evaluate the sRAS filter on a 36-D Unitree Go2
quadruped in hardware and in MuJoCo simulation [27].
The robot must jump across a 25 cm gap, land safely on
the far side, and remain safe afterward. To test robustness
against adversarial uncertainty realizations in simulation, we
apply external forces up to 30N in arbitrary directions at
arbitrary torso locations, selected by the disturbance policy
trained following Subsection VI-B. Accounting for these
disturbances also aims to mitigate the sim-to-real gap.



Setup. The safety margin g(x) is the minimum of normalized
margins for trunk clearance above local terrain, body tilt,
and non-foot contact force. The target margin ℓ(x) combines
progress beyond the gap, foot-to-terrain proximity, upright-
ness, and a planar-speed margin modulated by foot proximity
to encode an upright arrival near the ground on the far side. In
both simulation and hardware, we use a pure-pursuit walking
task policy toward the far side of the gap. The observation
consists of a 5-frame history of body-frame angular velocity,
projected gravity vector, velocity command, gait phase, joint
positions and velocities, and a 17 × 11 local height scan.
The control inputs are 12 joint-position targets relative to a
nominal standing pose, tracked by a PD controller at 50Hz.
Evaluation and Metrics. We evaluate each filter in 1000
simulation episodes. We report safe rate (percentage avoiding
failure), cross rate (percentage reaching the far side, regard-
less of landing safety), and success rate (percentage crossing
and landing safely, then remaining safe until episode end).
Simulation Results. Table II reports simulation results with
significance assessed using exact McNemar tests (Holm-
adjusted p < 0.01). The Avoid-only filter does not encode
crossing and rarely completes the jump. Although RA often
reaches the far side, it does not require continued safety after
target entry, leaving the robot vulnerable to failure during
landing or subsequent stabilization. Figure 1 illustrates such
failure modes. Our sRAS filter modifies actions from the
walking policy to preserve the feasibility of safe crossing,
landing, and continued safety afterward, and achieves a
significantly higher success rate than both baselines.
Hardware Results. Figure 1 (top) shows the sRAS-filtered
Go2 reproducing the successful behavior observed in simula-
tion: crossing, landing safely, and remaining safe afterward.

VIII. CONCLUSION

We presented an sRAS Q-CBF safety filter for high-
dimensional black-box systems under bounded uncertainty.
For exact values and under a measure-zero condition, the
filter is recursively feasible, preserves sRAS feasibility from
almost every winnable initial state, and keeps the system
safely within the target after first entry against all admissible
uncertainty realizations. Reachability-based adversarial RL
and Q-function lifting enable scalable synthesis and deploy-
ment without known dynamics, affine structure, value deriva-
tives, or hand-designed barriers. We validated our method
on two robotic tasks: quadruped gap jumping in simulation
and hardware, and simulated F1TENTH racing. The filter
enabled safe crossing, landing, and continued safety for the
quadruped, and safe overtaking and lead retention for the
F1TENTH race, demonstrating the intended sRAS behavior.
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